The results obtained by analyzing signals with the Square Wave Method (SWM) introduced previously can be presented in the frequency domain clearly and precisely by using the Square Wave Transform (SWT) described here. As an example, the SWT is used to analyze a sequence of samples (that is, of measured values) taken from an electroencephalographic recording.
Introduction
Consideration was previously given to the analysis of functions of one variable using the Square Wave Method (SWM) [1] . This method, which will be reviewed briefly in the following section, was generalized for functions of two variables and applied to the analysis of images [2] .
The objective of this article is to specify how the results obtained by analyzing signals with the SWM can be presented in the frequency domain clearly and concisely, using the mathematical process described below: the Square Wave Transform (SWT).
Brief review of the application of the SWM to the analysis of functions of one variable
Given that this article is devoted to the analysis of signals, it will be considered that the independent variable is time (t). Let f (t) be a function of a variable t, which in a given interval ∆t, satisfies the conditions of Dirichlet [3] . That function can then be approximated in that interval by means of a particular sum of trains of square waves. The use of the SWM makes it possible to specify these trains of square waves unambiguously.
Consider, for example, the function f (t), as indicated below:
f (t) = 3 sin(2π · 5 · t) + 4 sin(2π · 7 · t); 0 ≤ t ≤ 1 s (1)
In figure 1, f (t) is shown for the interval specified in (1) .
Figure 1: f (t) = 3 sin(2π · 5 · t) + 4 sin(2π · 7 · t); 0 ≤ t ≤ 1 s.
Note that the interval of t (∆t), in which f (t) will be analyzed, has a length of 1 second (1 s): ∆t = (1 − 0) s = 1 s. First, an explanation will be given about how to proceed if one wants to obtain an approximation to f (t), in the interval ∆t specified in (1), composed of the sum of 10 trains of square waves. The interval ∆t is then divided into a number of sub-intervals -of equal length -which is the same as the number of the trains of square waves. In this case, there will be 10 sub-intervals.
The approximation to f (t) to be obtained in interval ∆t will be the sum of 10 trains of square waves: S 1 , S 2 , S 3 , . . . , S 9 , and S 10 . The first of the trains of square waves will be referred to by S 1 , the second by S 2 , and so on.
Each of these trains of waves S i , for i = 1, 2, 3, . . . , 9 and 10, will be characterized by a certain frequency f i (that is, the number of waves in the train of square waves considered which is contained in the unit of time), and a certain coefficient C i whose absolute value is the amplitude of the corresponding train.
For the case considered here, a description will be provided below of how the amplitudes corresponding to the different trains of square waves are determined (see figure 2 ). The vertical arrow pointing down at the right of figure 2 indicates how to add the terms corresponding to each of the 10 sub-intervals of ∆t. Thus, to obtain the values of the coefficients corresponding to S 1 , S 2 , S 3 , . . . , S 9 , and S 10 , the following system of linear algebraic equations must be solved:
In the preceding system of linear algebraic equations (2), V 1 , V 2 , V 3 , . . . , V 9 , and V 10 are the values for f (t) as specified in (1) at the mid-points of the first, second, third, . . . , ninth, and tenth sub-intervals, respectively, of the interval ∆t in which f (t) is analyzed. It follows that the values V i , for i = 1, 2, 3, . . . , 9 and 10, can be computed given that f (t) has been specified in (1) . These values are:
The ten unknowns of the system of equations specified in (2) are C 1 , C 2 , C 3 , . . . , C 9 , and C 10 . |C i | refers to the amplitude of the train of square waves S i , for i = 1, 2, 3, . . . , 10. The (constant) value of each positive square semi-wave of the train of square waves S i is |C i |, and the (constant) value of each negative square semi-wave of that S i is −|C i |. For the case discussed here, in which ∆t was divided into 10 equal sub-intervals, the frequencies corresponding to the different trains of waves are the following: In general, if the interval ∆t -whose value, of course, may be different from 1 s -is divided into n equal sub-intervals, the frequencies corresponding to the different n trains of square waves are as follows:
The accuracy of the preceding equations may be checked by consulting figure 2 . Thus, half of the square wave S 1 , for example, occupies the unit of time (1 s), for f 1 = 1 2 s −1 ; one square wave of S 6 occupies ∆t, for f 6 = 1 s −1 ; five square waves of S 10 occupy ∆t, for f 10 = 5, etc.
If ∆t is equal to the unit of time (1 s), and if it is admitted that ∆t is divided into n sub-intervals, the general expression for the frequencies of trains of square waves S 1 , S 2 , S 3 , . . . , S n is as follows:
The system of equations (2) was solved by using LAPACK [4] , and the following results were obtained for the unknowns:
The trains of square waves S 1 , S 2 , S 3 , . . . , S 9 , and S 10 have been shown for interval ∆t, in figures 3a, 3b, 3c,. . . , 3i, and 3j, respectively. The approximation obtained for f (t) (as specified in (1), in interval ∆t, by adding the 10 trains of square waves) has been displayed in figure 4. If one wants to achieve a better approximation to f (t), in interval ∆t, by adding the trains of square waves, then ∆t should be divided into a larger number of equal sub-intervals. The larger the number of these sub-intervals, the better the approximation. Thus, for example, the approximation to f (t) that can be achieved if ∆t is divided into 100 sub-intervals of equal length, is shown in figure 5 . In this case, it is clear that 100 trains of square waves were added together. The SWM cannot be considered a branch of Fourier analysis; that is, the trains of square waves S i , for i = 1, 2, 3, . . . , n, do not make up a system of orthogonal functions.
3 The Square Wave Transform (SWT) as a way of presenting the results of the analysis of f (t) specified in (1) First, let us consider the results obtained when using the SWT to analyze the function f (t) specified in (1), for the case in which the interval ∆t was divided into 10 equal sub-intervals. These results can be presented by a sequence of 10 dyads (ordered pairs) such that the first element of the first dyad is the frequency f 1 corresponding to S 1 , and the second element of that first dyad is the coefficient C 1 ; the first element of the second dyad is the frequency f 2 corresponding to S 2 , and the second element of that second dyad is the coefficient C 2 ; and so on successively, such that the first element of the tenth dyad is the frequency f 10 corresponding to S 10 , and the second element of that tenth dyad is the coefficient C 10 : This approximation of the function f (t) specified in (1) can be expressed in the frequency domain. To achieve this objective, for each of the frequencies considered, f 1 , f 2 , f 3 , . . . , f 10 , the corresponding coefficients C 1 , C 2 , C 3 , . . . , C 10 must be indicated. The expression in the frequency domain of this approximation to f (t) will be called the Square Wave Transform (SWT) of the approximation to that f (t). This SWT is displayed in figure 6. Figure 6 : SWT of the approximation to f (t), specified in (1), obtained by dividing the interval ∆t into 10 sub-intervals.
Of course, the SWTs corresponding to numbers as large as desired of equal sub-intervals into which ∆t is divided can be obtained for the f (t) specified in (1), or for any other function of the time which, in a particular interval ∆t, satisfies the conditions of Dirichlet. N s will be used to refer to the number of equal sub-intervals into which ∆t is divided.
In figure 7 , the SWTs of the approximations (to the f (t) specified in (1)) obtained are shown for the following values of N s : 100, 200, and 400. (1)), have been displayed in 7a, 7b, and 7c, for N s = 100, N s = 200, and N s = 400, respectively.
Note that in the three cases displayed in figure 7, different scales were used for the axes of the abscissas. The same scale will be used for the axes in figure 10.
The SWT as a tool for the analysis of an electroencephalographic signal
The SWT can be used for the analysis of signals of biomedical interest, such as those of electrocardiograms (ECG), electroencephalograms (EEG), electromiograms (EMG), etc. How to achieve this objective will be explained below. Suppose that one has a sequence of 10 values of an electrophysiological signal, such as an electroencephalographic recording. To obtain the SWT corresponding to that sequence, the sequence of values is treated the same as was treated, with the same objective (that of obtaining the SWT) the sequence of values V 1 , V 2 , V 3 , . . . , V 10 , in the system of algebraic equations (2) . Generally, if one wants to obtain the SWT corresponding to a sequence V 1 , V 2 , V 3 , . . . , V N of measured values from that recording, that sequence of values is treated the same as the sequence of values
. . , V Ns is a sequence of values of a function which are computed at the midpoints of the N s equal sub-intervals of interval ∆t for which the function is characterized analytically. A sequence of 160 "samples" (i.e., measured values) from an electroencephalographic recording is displayed in figure 8 . That recording corresponds to FC5 of run 01 of Subject S001, with a "sampling" frequency of 160 Hz. The data were taken from the EEG Motor Movement/ Imagery Dataset (tagged MMIDB) in PhysioBank [5] . The sequence of voltage measurements specified in microvolts (µV ), shown in figure 8, is as follows:
In figure 9 , the SWT is shown for the sequence of 160 "samples" (i.e., measured values) of that electroencephalographic recording. The sequence of 160 dyads such that the first element of the i th dyad (i = 1, 2, 3, . . . , 160) is f i (i.e., the frequency corresponding to S i ), and the second element of that dyad is C i , is given below. (The 160 dyads are in increasing order according to the corresponding frequencies. These frequencies have been specified with a precision of 4 decimal digits.) (0.5000; −789.5) (0.6667; 186.0) ( 
Discussion and prospects
It must be emphasized that the SWTs of the corresponding approximations to a particular function have a pattern in common for high enough values of N s . Although this topic will be addressed elsewhere, preliminary support for this will be given below. Partial graphic representations of the SWTs displayed in figure 7 above are shown in figure 10 . The SWTs in which N s is equal to 100, 200 and 400, respectively, are partially presented in 10a, 10b, and 10c. In this case, the SWTs are described as "partial" because the axes of the abscissas extend only as far as the frequencies which are equal to or less than 15. To detect this pattern easily, the same scale has been used in the axes of the abscissas in 10a, 10b, and 10c. Note, for example, the correspondence between the coefficients which have been indicated by the letter "A" in 10a, 10b and 10c. The correspondence between the coefficients indicated by "B" can also be seen, as can those indicated by the letter "C". (Other interesting correspondences can also be observed, if desired.)
When comparing the SWTs corresponding to a given type of electroencephalographic recordings, care must be taken to use recordings made during the same ∆t and with the same sampling frequency.
